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Abstract
We present a teleparallel complex gravity as the foundation for the formulation
of noncommutative gravity theory. The negative energy ghosts in the conventional
formulation with U(1, 3) local Lorentz connection no longer exists, since the local
Lorentz invariance is broken down to U(1, 3) global Lorentz symmetry. Based on this
result, we present a lagrangian for the noncommutative teleparallel gravity theory.
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The recent developments of open strings or D-branes lead to the consideration of con-
stant background antisymmetric eld Bµν , which in turn implies that the coordinates of
space-time should be noncommutative [1]. It has been well-known that the noncommuta-
tive generalization [1] of gravity theory necessarily needs a complex metric [2], because the
introduction of the ? product with iθµν makes the metric complex. However, once the
metric becomes complex, we must consider new components present in the theory, such as
the antisymmetric component Bµν  Im (gµν). In particular, the presence of its kinetic
term, or the antisymmetric part of the vierbein gravitational eld equation ∂S/∂eµ
a = 0 of
the total action S should be studied in the light of a consistent gravitational theory.
As the rst attempt to formulate such a complex gravity as the preliminary for non-
commutative gravity, a lagrangian has been presented in [2]. However, the problem in this
formulation was that the new components Bµν acquire a kinetic term, and some of its
components become non-physical [3]. These components are negative energy ghosts, and are
not acceptable at the level of classical eld theory.
The origin of such ghost components can be traced back to the introduction of U(1, 3) lo-
cal Lorentz symmetry in the system, i.e., the introduction of the Lorentz connection ωµa
b as
its gauge eld. A similar situation has been encountered in noncommutative non-Abelian
gauge eld theories. This is because the ordinary noncommutative gauge theories require
that the gauge groups to be U(n). To avoid this problem, certain formulation that enables
the gauge groups to be other than U(n), such as SO(n) or Sp(n), has been presented [4].
Applying a similar technique to this U(1, 3) local Lorentz symmetry, an alternative noncom-
mutative gravity theory was formulated in [5] based on the noncommutative dieomorphism
ISO(1, 3) group.
In this Letter, we present a dierent approach as a remedy for the negative energy ghosts
[3], by freezing the U(1, 3) local Lorentz symmetry into to a global one. In ordinary gravity
theory with real metrics alone, such a formulation is sometimes called ‘teleparallel gravity
formulation’ [6] in which the SO(1, 3) local Lorentz symmetry is frozen down to a global
SO(1, 3) symmetry, and therefore there is no gauge eld or spin connection ωµm
n for
the Lorentz symmetry. Our strategy for complex gravity is similar, namely, we freeze the
U(1, 3) local symmetry into a global U(1, 3) symmetry, requiring teleparallelism without
any introduction of its gauge elds, and thus avoid the problem of negative energy ghosts.
The importance of teleparallel gravity in the context of noncommutative geometry has been
pointed out in [7], in which teleparallel gravity is shown to arise out of dimensional reduction
of noncommutative gauge theory. However, we will rely on a teleparallel gravity theory as
the foundation of complex gravity from the outset, in order to resolve the problem with
the negative energy ghosts in the U(1, 3) local Lorentz covariant formulation [2]. We
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stress that teleparallel gravity as the foundation of noncommutative gravity is the legitimate
starting point, since the constant θµν in noncommutative gravity manifestly breaks Lorentz
symmetry.
2. Complex Teleparallel Gravity
Since we are considering the explicit breaking of local Lorentz symmetry, it is crucial
to understand the degrees of freedom of the vierbein components eµ
a and its complex
conjugates eµa  (eµa)y.3 In the local Lorentz covariant formulation [2], all together there
are originally 4 (4 + 4) = 32 components in eµa and eµa. However, the U(1, 3) local
Lorentz symmetry with 16 parameters deletes 16 components, leaving only 16 components.
These 16 components are equivalent to the symmetric part Gµν  g(µν)  Re (gµν), and
the antisymmetric part Bµν  −igbdµνce  Im (gµν) of the metric tensor gµν [2]. In
our formulation, on the other hand, the original 32 components are not deleted by the
U(1, 3) local Lorentz symmetry, and all of them are intact. This formulation has the
advantage of deleting the kinetic term for the B -eld. The price to be paid is that there
are 16 additional components in the vierbeins whose eect must be carefully investigated.
We rst give preliminaries for the formulation for teleparallel complex gravity. If the
U(1, 3) local Lorentz symmetry is manifest from the outset, we must introduce the Lorentz
connection for local Lorentz covariance. This causes the problem of negative energy ghosts
[2] which we would like to avoid. Therefore, it is natural to consider the formulation in which
local Lorentz symmetry is not built-in, or at least it is not manifest from the outset.




b) = diag. (−, +, +, +) , (2.1a)
eµ
aea





, (gµν)y  gνµ , e  det (eµa) , e  ey  det (eµa) , (2.1c)
g
µν
 eµaηbaeνb , gµν  eaµηbaebν , gµνgνρ = δµρ , gµνgνρ = δρµ , (2.1d)
where the symbol y is for complex conjugations. As usual, the metric g
µν
has both
symmetric and antisymmetric components. The most basic global U(1, 3) transformation
rules are
δαeµ












3We follow the notation of ref. [2] in this paper, unless otherwise noted.
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where αa
b is the space-time independent parameters for our global U(1, 3), complying with
the notation in [2]. Accordingly, the metric itself does not transform: δαgµν = 0, δαg
µν = 0.
Relevantly, the U(1, 3) invariant product is (Ua)
yηabVb, because δα[ (Ua)
yηabVb ] = 0.
For simplicity, we use the bars instead of the daggers whenever it is not confusing, such as
e  ey in (2.1c).
There are other important geometrical equations for later purposes. One of them is the
denition of the covariant derivative:
DµV
ν  ∂µV ν + ΓµρνV ρ , (2.3)
for a complex vector V ν  V aeaν . Since the vierbein eaν but not its complex conjugate
eaν is used here, we use Dµ instead of its complex conjugate Dµ. The latter is used, when
we take the complex conjugate of the whole equation of (2.3). Explicitly,
DµV
ν  ∂µV ν + ΓµρνV ρ , (2.4)
for V
ν  V aeaν . Relevantly, the commutation relations between the Dµ’s and the resulting
Bianchi identity are
bdDµ, Dνce = −CµνρDρ , DbdµCνρceσ + CbdµνjτCτ jρceσ  0 , (2.5a)
bdDµ, Dνce = −CµνρDρ , DbdµCνρceσ + CbdµνjτCτ jρceσ  0 , (2.5b)
where Cµν
a are anholonomy coecients:
Cµν
ρ  Cµνaeaρ , Cµνa  ∂µeνa − ∂νeµa , (2.6a)
Cµν
ρ  (Cµνρ)y = Cµν aeaρ , Cµν a  (Cµνa)y = ∂µeνa − ∂νeµa . (2.6b)
The Dµ’s in (2.5a) uses only Γµν
ρ but none of its complex conjugates Γµν
ρ, because
Cµν
ρ is composed only of eµ
a and ea
µ but none of their complex conjugates eµa and e
aµ,
as seen from (2.6). If we had manifest local Lorentz covariance, there would be an additional
term in (2.5b) proportional to the Lorentz curvature tensor. This term is now absent, due
to the lack of manifest Lorentz covariance in our teleparallel gravity.
Another important equation comes from the vierbein postulate that leads to the expres-
sion of Γµν
ρ in terms of vierbein:
Dµeν
a = ∂µeν
a − Γµνρeρa = 0 =) Γµνρ = eaρ∂µeνa , Γµνρ = eaρ∂µeνa . (2.7)
The reason for using Dµ’s instead of Dµ in the rst equation here has been already stated,
and shows how important it is to distinguish Γµν
ρ from its complex conjugate Γµν
ρ.
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3. Complex Teleparallelism Gravity – Lagrangian and Field Equations
Once the transformation properties of basic quantities are in place, we are ready to present
a lagrangian which yields the usual Einstein-Hilbert action, with no manifest U(1, 3) local
Lorentz covariance.
It is worth noting that we have to be cautious about the signicance of local Lorentz
symmetry. In the ordinary case with real metric with the familiar SO(1, 3) local Lorentz
symmetry, even if we start with quantities such as the anholonomy coecients Cµν
a, and
write down the lagrangian in terms of its bilinears, the resulting theory may be still lo-
cally Lorentz invariant. The reason is that the local Lorentz symmetry is realized as a
‘hidden’ symmetry at the lagrangian level. For example, it is well-known [6] that a certain
combination of bilinears of Cµν
a  ∂µeνa − ∂νeµa yields an action identically equal to a

























Here the vierbeins are the usual real one (eµ
a)y = eµa, before considering any complex
gravity, and R is the usual scalar curvature in terms of the Riemann-Christoel connection:
f ρµνg. In other words, even though each term in (3.1) is not locally Lorentz invariant, the
combination of the bilinear terms of Cµν
a with the appropriate relative coecients makes
the whole expression locally Lorentz invariant.
We now consider complex gravity. Our construction heavily relies on the usage of the
anholonomy coecients and its complex conjugates dened in (2.6). Now our candidate
lagrangian is the analog of (3.1), and is given by




















Here jej2  e e, while a1, a2 and a3 are real constants. In particular, the case of
a3 = +2a2 = −4a1  −4a (3.3)
is the direct analog of (3.1) in the conventional teleparallel gravity with the real metric or
vierbein [6]. The Cµ and Cµ in (3.2b) are dened by




ρ and Cν in (3.2c) are dened by
Cµνρ  gσµgτνgρλCστ λ , Cσνρ  gτσCτνρ , Cν  gρνCρ . (3.5)
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In the rst equation, gσµ instead of gµσ is used to raise the subscript index σ. This is
because the ea
σ part (instead of the complex conjugate ebµ) in gσµ = ea
σηb
aebµ is to
be contracted with the vierbein eτ
a in Cστ
λ  (∂σeτ a − ∂τeσa)eaλ in order to produce a
globally Lorentz invariant product. The same is also true in the cases of gτν, gρλ, g
τσ and
gρν in (3.5). In terms of these anholonomy coecients with curved indices, each term in
(3.2c) is manifestly invariant under the global Lorentz transformation (2.1), because
δαCµν
ρ = 0 , δαCµν
ρ = 0 . (3.6)
This also explains the reason why we need ηa
b in the rst term in (3.2a), while it is not
needed in the second term. To put it dierently, in terms of the anholonomy coecients
with curved indices, it is more straightforward to construct globally Lorentz invariant terms
for a lagrangian like (3.2c).
Some readers may wonder how the same relative coecients as in (3.1) can yield a theory
now without the kinetic term for Bµν . This is due to the fact that the identity in (3.1) is
valid only for a real metric, but we now have the complex metric that develops the signicant
dierence. Our proposed lagrangian in (3.1) will have no kinetic term for Bµν at the bilinear
order, so it is distinct from the lagrangian in [2].
The gravitational eld equation from L for the vierbein eµa is
F µν = − 2a1gρµDσC σνρ − 2a2gρµDσCρbdσνce − a3gνµDρCρ + a3gρµDρCν
− 2a1(Cρ − iIρ)Cρνµ + 2a2gσµ(Cρ − iIρ)Cσbdνρce
− a3gνµ(Cρ − iIρ)C ρ + a3(Cµ − iIµ)C ν










σ − a3CµC ν + 12a3gνµCρCρ (3.7a)
= − 2agρµDσC σνρ + 2agρµDσC ρσν − 2agρµDσC ρνσ + 4agνµDρC ρ − 4agρµDρC ν
− 2a(Cρ − iIρ)C ρνµ − 4agσµ(Cρ − iIρ)C σbdνρce
+ 4agνµ(Cρ − iIρ)C ρ − 4a(Cµ − iIµ)C ν
− 2aCµρσC νρσ + aCρσνC ρσµ + 12agνµCρστC ρστ
− 2aCµρσC νσρ + agνµCρστC ρτ σ + 4aCµC ν − 2agνµCρC ρ = 0 , (3.7b)
where Fµν is dened by
F µν  gρµFρν  gρµeρaFaν , Faµ  jejFaµ  δLδeµa . (3.8)
As usual in complex eld theories, the Euler derivatives with respect to eµ
a and its com-
plex conjugate eµa are treated as independent. Eq. (3.7a) is the expression before using
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the condition (3.3) which is sometimes useful, while (3.7b) is after its usage. The symbol

= denotes a eld equation, distinguished from an identity. Relevantly, Fµν is complex
with (4 4) 2 = 32 components in total. The symbol Iµ represents the imaginary part
of Γµ  Γµνν : Iµνρ  Im (Γµνρ), Iµ  Iµνν .
Let us now consider the degrees of freedom of our eld variables. As has been mentioned,
there are originally 32 degrees of freedom for eµ
a and eµa in our teleparallelism formulation,
and there are 32 independent components in Fµν . However, eventually we have 10 for
Gµν and 6 for Bµν as the physical components. The gap between 32 and 16 should be




















































which lead to the relationships
δL
δGµν
 +Re (F (µν)) , δL
δBµν
 −Im (F bdµνce) . (3.10)
In other words, the components Re (F bdµνce) = 0 and Im (F (µν)) = 0 of our eld equation
Fµν = 0 are playing a role of extra constraints on the components in the vierbeins eµa and
eµa dierent from the directions of Gµν and Bµν . We will come back to this point at a
later stage when we discuss linearized gravity.
There is another way of conrming our eld equation (3.7). This is related to the general







µ − (∂νξµ) eaν ,
δξeµa = ξ
ν∂νeµa + (∂µξ
ν) eνa , δξe
aµ = ξν∂νe
aµ − (∂νξµ) eaν , (3.11)
leading to the Noether identity4
[
DµFν
µ − (Cµ − iIµ)Fνµ − CνρτFτ ρ
]
+ h.c.  0 , (3.12)
with the real parameter ξµ. Here ‘+ h.c.’ implies the addition of the hermitian conjugate
of the preceding brackets, due to the real parameter ξµ. Notice also that the covariant
4As is well-known in conventional gravity theory [8] this identity is equivalent to a combination of Bianchi
identity (2.5).
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derivative Dµ in (3.12) contains only Γµν
ρ, while its complex conjugate Dµ contains
Γµν
ρ. Note that eq. (3.12) is an identity based on the general invariance of our action, but
not eld equation, and as such, each terms with a1, a2 and a3 should satisfy (3.12)
independently, providing good cross checks.
The linear terms in the symmetric component F (µν) yield the standard Einstein equation
for the component Gµν  g(µν), with no kinetic term for the component Bµν  Im (gµν) 




= i(2a1 + a2)(∂
2
ρB
µν − ∂ρ∂µBρν) + i(2a2 − a3)∂ν∂ρBρµ , (3.13)
so that the kinetic terms for the B -eld disappear, i the condition (3.3) is satised. Once
(3.3) is adopted, then the linear terms in Fµν are just the kinetic terms for the Gµν -eld












Here we use δµν as the familiar Minkowski metric diag. (−, +, +, +) instead of ηµν , in
order to avoid the confusion with ηa
b. The last expression is nothing but the linearized
Einstein tensor in terms of the real metric Gµν in general relativity, as desired.
There are several important examples to be conrmed as solutions to our eld equation
(3.7). They are listed as follows: (i) When the vierbein is pure real, eq. (3.7) is reduced to the
usual Einstein gravitational eld equation; (ii) When the metric is complex but constant, our
eld equation (3.7) is satised: Specically, gµν = δµν + iθµν ; (iii) When the two covariant
constraints gbdµνce = 0 and Im (Γµν
ρ) = 0 are satised, the eld equation (3.7) is satised
up to trilinear order terms. We now study each of these cases in turn:
(i) When the metric is real with no imaginary part, the anholonomy coecients becomes
pure real Cµν
ρ = Cµν
ρ, and Iµ = 0. Moreover, the covariant derivative Dµ is the same as
its complex conjugate Dµ, and when it acts on the metric vanishes identically Dµgνρ  0,
simplifying the computations. For example, we can replace gρµDσCρ
σν by DσC
µσν , etc.






= − 4aDρCρbdµνce + 4agµνDρCρ − 4aDµCν − 2aDρCµνρ
− 4aCρCρ(µν) − 2aCµρσCνρσ + aCρσµCρσν
− 2aCµρσCνσρ − 2aCρCµνρ + 2agµν(Cρ)2 + 12agµν(Cρστ )
2 . (3.15)
The symmetric terms F (µν) can be shown to be equivalent to the usual Einstein tensor in
general relativity in terms of in terms of anholonomy coecients. On the other hand, all the
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antisymmetric terms F bdµνce can be shown to cancel each other by the use of the Bianchi
identity (2.5). We can mimic this procedure at the lagrangian level (3.2), again reducing
(3.2) into the Einstein-Hilbert action (3.1). Thus our formulation passes the rst test (i).
(ii) When the metric as well as the vierbein is a complex constant, then the anity vanishes
Γµν
ρ  0 due to the postulate (2.7), and therefore all the anholonomy coecients also vanish
identically: Cµν
ρ  0. Accordingly, the covariant derivatives Dµ = Dµ become the ordinary
derivative ∂µ. Therefore, each term in (3.7) vanishes identically, and thus conrming that
such a metric is a trivial solution to our eld equation. This aspect is highly non-trivial,
since we can now have the constant but complex metric gµν = δµν + iθµν , as is desired by
noncommutative gravity [1].
(iii) We rst note that the constraint Im (Γµν
ρ) = 0 is a covariant tensor under general








ρ − (∂σξρ)Γµνσ + ∂µ∂νξρ . (3.16)
With its hermitian conjugate subtracted, the last purely real term ∂µ∂νξ
ρ vanishes in
the combination of δξ[Im (Γµν
ρ) ], establishing its covariance. Now consider the linearized
gravity. The elds eµ
a, eµa, gµν and g







a)  δµa + Hµa , (3.17a)
eµa = (δµa + hµa + aµa)− i(Bµa + bµa)  δµa + Hµa , (3.17b)
g
µν
= δµν + hµν + iBµν , g
µν = δµν − hµν − iBµν +O(ϕ2) , (3.17c)
hµa = +haµ , aµa = −aaµ , Bµa = −Baµ , bµa = +baµ . (3.17d)
The elds hµν , aµν , Bµa, bµa are real, and the O(ϕ2) denotes any bilinear terms in elds
which are omitted. The condition Im (Γµν




ρ) +O(ϕ2) = 0 . (3.18)
On the other hand, the condition gbdµνce = 0 simply implies that Bµν = 0. Therefore,
combining gbdµνce = 0 with (3.18) implies that bµν = O(ϕ2). In other words, the two
covariant conditions gbdµνce = 0 and Im (Γµν
ρ) = 0 delete the unphysical components
Bµν and bµν out of the vierbeins (3.17a,b).
Thus h
µν
in Gµν = δµν + hµν = Re (gµν) = g(µν) is the only physical eld with their
kinetic terms in our formulation. This may, however, raise some questions about the role of
other components in the vierbein eµ
a. In particular, whether elds such as aµa, Bµν and
bµa in the linearized expression (3.17) are harmless or not. A short answer to this question
is that the eld equations for those extra components give only constraints for themselves,
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which are harmless for the physical components hµν . In this sense, we can call these
unphysical components auxiliary elds. A long answer is as follows: The number of degrees
of freedom for those extra components are 6 for aµν , 6 for Bµν and 10 for bµν . These
total 22 components form 32 components, when added to the physical 10 components of
hµν . In terms of eld equations, those for aµν , Bµν and bµν correspond respectively to
5
Re (F bdµνce) = 0 , Im (F bdµνce) = 0 , Im (F (µν)) = 0 . (3.19)
These are independent components of the whole eld equation Fµν = 0, which give respec-
tively 6+6+10 constraints to these unphysical auxiliary elds. Therefore the role of these
constraints are just to constrain the unphysical auxiliary components, whose trivial solutions
are just all of them equal to zero. As a matter of fact, since all the terms in F µν in (3.7)
are general covariant, all the constraint equations in (3.19) are manifestly general covariant.
Therefore, we can use them as covariant constraints to delete these auxiliary eld compo-
nents from our system. The only diculty here is that these constraints are highly nontrivial,
starting at bilinear terms at the eld equation level (because they do not have any bilinear
kinetic terms, as we know), and therefore, the usual technique of solving these constraint
equations for the ‘auxiliary’ elds, and substituting back to the original lagrangian, does not
work here. Even though, our analysis has not been elaborated further here, we believe that
these extra auxiliary components will do no harm to the physical eld h
µν
.
To summarize, we have obtained the following important results:
(1) Our eld equation (3.7) is reduced to the standard Einstein gravitational eld equation as
the simplest case, when the vierbeins becomes purely real. In other words, any real vier-
bein solution to the Einstein gravitational eld equation automatically satises our eld
equation as a special case. This corresponds to the symmetric real part Re (F (µν)) = 0.
This can also be conrmed at the lagrangian level, when the vierbein has no imaginary
part.
(2) Due to the combination of the coecients in (3.2) with (3.3), the kinetic term for the
B -eld is absent in our formulation. And therefore, no negative energy ghost arises from
the Bµν -eld, in contrast to the formulation with the U(1, 3) local Lorentz symmetry
in [2].
(3) The constant but generally complex metric is a simple solution to our eld equation (3.7).
This covers the important case of gµν = δµν + iθµν .
(4) The eld equation components Re (F bdµνce) = 0, Im (F bdµνce) = 0 and Im (F (µν)) = 0 pro-
vide nothing other than 6+6+10 = 22 constraint equations in total respectively for the
5In ‘real’ teleparallel gravity with the lagrangian (3.1), the equation Fbdµνce ·= 0 is identically zero, due
to the hidden local Lorentz invariance of the action (3.1). However, our action (3.2) has no such hidden local
Lorentz invariance, as can be easily confirmed by (3.6). Therefore, the second field equation in (3.19), which
is equivalent to the Bµν -field equation via (3.10), is not identically zero.
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extra 6+6+10 = 22 auxiliary non-propagating components aµν , Bµν and bµν in the
vierbein. These constraints are in terms of covariant tensors, so that there is no problem
with their consistency with general covariance.
Before closing this section, we mention one possibility of generalizing our lagrangian (3.2).
Based on the result in teleparallel real gravity [6], we can add the kinetic term
L4  a4jej−1 gτµµνρστλωψCνρσCλωψ , (3.20)
so that the component aµν is now propagating with its kinetic term like (∂bdµaνρce)
2 with
no negative energy states. However, the direct link with open strings or D-branes, if any,
remains to be investigated.
4. A Lagrangian for Noncommutative Gravity
Once we have understood the teleparallelism formulation of complex gravity, it is straight-
forward to generalize that result to the noncommutative gravity, with the standard ?
product:
f ? g  f exp ( ∂µθµν
!





θµ1ν1    θµnνn(∂µ1   ∂µnf) (∂ν1   ∂νng) . (4.1)
We can simply replace all the products and matrix inverses by ? products and









a ? Cρσ b − 2agµσ? ? ebν? ? e? aρ ? Cµνa ? Cρσ b







e is dened as the square root of e  det (eµa) in terms of the usual
‘commutative’ determinant, and
p
e y is its complex conjugate.6 Since gµν is hermitian,





the commutative case. The denition of Cµν
a or Cµνa needs no ? - symbol on itself
like C? µν
a, because it has no product in its denition just as in the commutative case (3.2).
Thanks to teleparallelism as the foundation of complex gravity, we no longer have the prob-
lem with the negative energy states in our system, while all the unphysical components are
either decoupled, or do no harm to the physical components Gµν  Re (gµν)  g(µν).
6There can be a more strict definition of e using a ? determinant, but the difference from the
commutative determinant is always in the linear or higher-orders in θµν . Therefore, up to those higher-
order θ -terms, our lagrangian (4.2) fixes the noncommutative action.
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5. Concluding Remarks
In this Letter, we have presented teleparallel complex gravity as the foundation of non-
commutative gravity. Since the introduction of the ? product implies that the metric is to
be complex, while the problem of the negative energy ghost is caused by the presence of the
Lorentz connection, it is natural to consider the formulation without manifest U(1, 3) local
Lorentz symmetry equivalent to teleparallelism formulation of gravity, which motivates the
combination of complex gravity and teleparallelism.
We have studied the transformation properties under general coordinate transformations
and global Lorentz transformations. Based on this, we have next presented a lagrangian
that contains not only the usual Einstein-Hilbert action for the symmetric part of the met-
ric tensor Gµν  g(µν)  Re (gµν) and also the imaginary part of the metric tensor.
This lagrangian has an improved property that there is no kinetic term with negative en-
ergy states for the antisymmetric component Bµν  −igbdµνce. We have next looked into
the eld equation Fµν = 0 of the vierbein eµa, and concluded that the real symmetric
part Re (F (µν)) = 0 contains the Einstein gravitational eld equation for the symmet-
ric component g
(µν)
, while other remaining parts Re (F bdµνce) = 0, Im (F bdµνce) = 0 and
Im (F (µν)) = 0 yield 6+6+10 = 22 component general covariant constraint equations re-
spectively for the extra 6+6+10 = 22 auxiliary non-propagating components aµν , Bµν and
bµν , as desired. We have also seen that the solution θ
µν  Im (gµν) = const. is an acceptable
solution, which is important for the noncommutative gravity [1].
Based on this result of teleparallel complex gravity, we have presented a lagrangian for
noncommutative gravity with no negative energy states, due to the absence of the kinetic
term for the antisymmetric component Bµν  Im (gµν)  −igbdµνce. Even though compu-
tations for teleparallelism formulation seem to be more involved compared with the local
Lorentz covariant one [2], the advantage here is that the problem with the negative energy
states out of the Bµν -eld has been now resolved.
The main purpose of our present paper was to establish teleparallel complex gravity as
the foundation of noncommutative gravity. However, our result also suggests the impor-
tance of teleparallel gravity even before its complexication in string physics, M-theory or
D-branes. This further indicates the existence of teleparallel supergravity playing an im-
portant role in superstring or M-theory. As a matter of fact, a teleparallel superspace had
already been considered in 1970’s in four-dimensions (4D) for the purpose of possible res-
olution for renormalizability [9], by reducing the number of counter-terms in the absence
of supercurvature. Also in our recent paper [10], we have constructed a 11D teleparallel
superspace as a reformulation of 11D supergravity, not only as a consistent but also as a
more natural background for supermembranes. From these developments, we regard telepar-
allel supergravity or teleparallel superspace as a more natural formulation suitable for the
11
description of (super)strings, M-theory or D-branes.
Considering the fundamental fact that the constant tensor θµν in noncommutative
gravity manifestly breaks Lorentz symmetry, we also emphasize that teleparallelism is the
most natural candidate for the foundation of noncommutative gravity.
We are grateful to A. Chamseddine and S.J. Gates, Jr. for helpful discussions.
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